Littlewoodの倍角公式 (組合せ論的表現論をめぐる話題) by 水川, 裕司
TitleLittlewoodの倍角公式 (組合せ論的表現論をめぐる話題)
Author(s)水川, 裕司









Division of Mathematics, Hokkaido University
1 Introduction
, ” Littlewood (Littlewood’s multiple formula) ”
.
[5] .
, $\lambda=(\lambda_{1}, \lambda_{2}, \ldots)$ “$r$ ”, $r\lambda$ .
$r\lambda=(r\lambda_{1}, r\lambda_{2}, \ldots)$
$\chi^{\lambda}(\rho)$ $n$ $\lambda$ $S_{n}$
$\rho$








Theorem 1.1. (Littlewood , [2]) $\lambda$ $\rho$ $n$ ,
$(r\lambda)[0],$ $(r\lambda)[1],$
$\ldots,$
$(r\lambda)[r-1]$ $r\lambda$ $r$ -quotient . ,
$\chi^{r\lambda}(r\rho)=\sum_{\in\nu P(n)}LR^{\nu}\lambda(r\lambda)[1],\ldots,(r\lambda)[r-1]\chi^{\nu}(r)[0],(\rho)$
( $P(n)$ $n$ ) .





” 3 ” $S_{12}(\tilde{S}_{12})$
, - . $SP(n)$ $n$
, $P_{odd}(n)$ $n$
Theoremll .





$r$ – . $\lambda=(\lambda_{1}, \ldots, \lambda_{N})$ ( $N$ , $\lambda$
$l(\lambda)$ ) .
$\lambda$ $(r+1)$ $(\lambda^{c}, \lambda[0], \ldots, \lambda[r-1])$ ;
$\lambda^{c}$ $\lambda$
$r$-core, , $\lambda^{*}=(\lambda[0], \ldots,.\lambda[r-1])$ $\lambda$ $r$-quotient (cf.
$[4, \mathrm{p}12])$ . r-quotient Littlewood-Richardson $(LR_{\lambda[0}^{\mu}],\ldots,\lambda[r-1] )$
$r$-quotient . , $r\lambda--(r\lambda_{1}, \ldots, r\lambda_{N})$
. $r\lambda$ $r$-core $(r\lambda)^{c}=\emptyset$ , $(r\lambda)[0]=(\lambda r’\lambda 2r’\lambda 3r’\ldots)$ ,
$(r\lambda)[k]=(\lambda_{r-k}, \lambda_{2\Gamma}-k\lambda_{3r}-k, \ldots)(1\leq k\leq r-1)$ .
. $x_{1},$ $x_{2},$ $\ldots,$ $x_{N}$ $r$ . $x_{N}^{r}=$
$(x_{1}^{rr}, X_{2}, \ldots, x_{N}^{r})$ . $\omega=\exp(2\pi\sqrt{-1}/r)$ $x_{kN+i}=\omega^{k}x_{i}(0\leq k\leq$
$r-1,1\leq i\leq N)$ , $x_{N,r}=(x_{1}, x_{2}, \ldots, x_{rN})$ . $x_{N,r}$
$x_{N}$ “$r$-inflation” . $\delta_{N}=$ $(N-1, N-2, \ldots, 1, 0)$ , [4,
$\mathrm{p}40]$ $x_{N}$ $\lambda=(\lambda_{1}, \lambda_{2}, \ldots, \lambda_{N})$ Schur ,
$S_{\lambda}(X_{N})= \frac{\det A_{\lambda\delta_{N}}+(x_{N})}{\det A_{\delta_{N}}(xN)}$ ,
51
. $\alpha=(\alpha_{1}, \alpha_{2}, \ldots, \alpha_{N})$
$A_{\alpha}(X_{N})=(_{X^{\alpha}}i)_{1}j\leq i,j\leq N$
.
, Theoreml. 1 $x_{N,r}$ $r\lambda$ Schur
.
Theorem 2.1. $\lambda=(\lambda_{1}, \ldots, \lambda_{rN})$ .
$s_{r\lambda}(X_{N,r})=:r \prod_{k=0}S_{()[k]}(X_{N}^{r})-1r\lambda$ .
. $\alpha=(\alpha_{1}..’.\alpha_{2}, \ldots, \alpha_{N}.)$ ,
$X_{N}^{\alpha_{j}+N-j}=..$ ,
. $A_{\alpha+\delta_{N}}(x_{N})$ j- .
$s_{r\lambda}(X_{N,r})$ .
$A_{r\lambda+\delta_{rN}}(xN,r)=(\omega(i-1)(r-j)x_{N}^{r}j\lambda+rN-j)_{1\leq i}\leq r,1\leq j\leq rN$
$..–$
.




$\tau.(ir+j..)..=:N(j-.1)..+.(.i+\backslash 1)..-(0\leq. i, \cdot\leq N-1,1\leq j\leq r).\cdot\sim$




$-\sim.:\wedge$. ., .. ; ..’.
$\cdot$
. .. ...: , $,$ $\backslash$,
$.-‘\backslash -.\cdot$
.
$.\vee:\cdot$ . $-$ .
$.\mathrm{d}$et$A_{r_{-}}\backslash \lambda..+\delta rN(xN,r)$





$|p^{r-1}\omega^{(1}-)(r-1)A^{-1]}r)(r\lambda[r-1]p^{r-12}\omega(r-1)A_{()[-1}\lambda r]+\delta N(rX^{r_{X_{N})}}p^{r}-\omega A_{()}\lambda.\cdot.[r-1]+\delta_{N}(rx(p_{1r-1}-1A\lambda)[r+\delta_{N}(rx_{N}^{r}(r-\cdot+\delta_{N}))rNN)r p^{r-2}.\cdot A_{(.,\lambda)}r-.’.’.\cdot..r:‘[.\cdot.r.\cdot.\cdot.-.\cdot 2]+\delta_{N}(x_{N}^{r}) ... A_{()[0]+}\lambda.\cdot\delta_{N}(rx.)A_{(r\lambda}A_{(\lambda}^{(r}0+\delta N(r)[].X^{*})A\lambda))[0]+[0]+\delta\delta NN(_{X}(x_{N}^{r})rrNrNN)|$
$1_{N}$ $1_{N}$ . . . $1_{N}$
$\omega^{r-1}1_{N}$ $\omega^{r-2}1_{N}$ . . . $\omega^{r-r}1_{N}$
$=\mathrm{s}\mathrm{g}\mathrm{n}(_{\mathcal{T})} \omega^{2(r-1})1_{N}$ $\omega^{2(r-2})1_{N}$ . . . $\omega^{2(r-r)}1N$
.$\cdot$. .$\cdot$. . $\cdot$ .. .$\cdot$.









. , $\lambda=(0, \ldots, 0)$ ,
$\det A_{\delta_{rN}}(x_{N,r})=\mathrm{s}\mathrm{g}\mathrm{n}(\tau)|p|^{\alpha_{C}}(\det A_{\delta_{N}}(x_{N}^{r}))^{r}$ . (2)
53
. (1) (2) ,
$s_{r\lambda}(x_{N,r})= \frac{\det A_{r\lambda+}\delta\prime N(_{X)}N,r}{\det A_{\delta_{\gamma}}(Nx_{N,r})}$











, $\rho=(\rho_{1}, \rho_{2}, \ldots)$ ,
$p_{\rho}=p_{\rho}1p_{\rho_{2}}\ldots$ .





. $x_{N}$ r-inflation .
Lemma 22.
$p_{m}(x_{N},\text{ })=\{$
$rp_{m}(X_{N})$ $m\equiv 0(modr)$ ,










$\rho\in P(_{\text{ }}\sum_{)n}z_{\rho}-1\chi(r\lambda)p\rho\rho(X_{N,\text{ }})$
$=$
$\sum_{\rho\in P(n)}z_{r\rho}-1\chi(\text{ }\lambda r\rho)r^{()}p_{r}\rho(\iota\rho x_{N})$
$=$
$\sum_{\beta\in P(n)}z_{\rho}-1\chi(\text{ }\lambda r\rho)p_{\rho}(X_{N}^{r})$
.
Theorem21 (3) ,
$\sum_{\rho\in P(n)}Z^{-1\text{ }}\rho x(\lambda r\rho)p\rho(x^{\text{ }})N$
$=$ $\sum_{\nu\in P(n)}LR^{\nu}(\text{ }\lambda)[0],(\text{ }\lambda)[1],\ldots,(r\lambda)[\text{ }-1][\sum_{\rho\in P(n)}z^{-}x(\nu\rho)p\rho(X_{N}^{\text{ }})\rho]1$
$=$ $\sum_{\rho\in P(n)}(_{\nu\in P(n}\sum_{)}LR_{(\lambda}\nu 1r)[0],(\text{ }\lambda)[],\ldots,(\text{ }\lambda)[\text{ }-1]x^{\nu}(\rho)\mathrm{I}z_{\rho}^{-1}p_{\rho}(X_{N}^{\text{ }})$.
, $p_{\rho}$ ,
$\chi^{r\lambda}(r\rho)=\sum LR^{\nu}\lambda)[0],(\text{ }\lambda)[1],\ldots,(\text{ }\lambda)(_{\text{ }}[\nu\in P(n)\text{ }-1]x^{\nu}(\rho)$





Schur $P$- J. J. C. Nimmo [7, Appendix] .
$\lambda=(\lambda_{1}, \ldots, \lambda_{l})$ $\lambda_{1}>\ldots>\lambda_{l}>0$ $\text{ }$ strict partition . $n$ strict
partition – $sP(n)^{-}\text{ }$ .
strict partition $\lambda=(\lambda_{1}, \ldots, \lambda_{l})$ ,
$A(x_{N})=( \frac{x_{i}-x_{j}}{x_{i}+x_{j}})_{1\leq i,j}\leq N$ ’




$N+l$ . $N+l$ , $\mathrm{P}\mathrm{f}_{\lambda}(X_{N})$ $A_{\lambda}(x_{N})$
, $N+l$ $x_{N+1}=0$ $A_{\lambda}(x_{N+1})$
. $\lambda=\emptyset$ ,
$\mathrm{P}\mathrm{f}_{\emptyset}(x_{N})=\{$
$\mathrm{P}\mathrm{f}A(x_{N})$ , if $N$ is even,
$\mathrm{P}\mathrm{f}A(X_{N}+1)$ , if $N$ is odd.
. $\mathrm{P}\mathrm{f}_{\emptyset}(XN)$ ([4, Chap3, 8-ex. 18]).
.. $\mathrm{P}\mathrm{f}_{\emptyset}(_{X}N)--\prod_{i1\leq<j:\leq N}\frac{x_{i}-x_{j}}{x_{i}+x_{j}}$ . (4)





$\mathrm{P}\mathrm{f}_{\emptyset}(,X. ..N,\text{ }-).=c_{r}\{\mathrm{P}.\mathrm{f}\emptyset(x_{N}r)\}r$ ,
$c_{r}$ .
.
$B_{k}=( \frac{x_{i}-\omega^{k_{X_{j}}}}{x_{i}+\omega^{k}X_{j}})_{1\leq i,j\leq N}(0\leq k\leq r_{\overline{a}}1)$.
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$B_{2}B_{1}B_{3}^{\wedge}..\cdot$ . $B_{\text{ }-}B_{r-1}B_{0}^{\cdot}..2|^{1/2}$ ,
$N+l$ ,
..1/2
$B_{0}$ $B_{1}$ $B_{2}$ $B_{\text{ }-1}$ 1
$B_{r-1}$ $B_{0}$ $B_{1}$ $B_{r-2}$ 1
$\mathrm{P}\mathrm{f}_{\emptyset}(x_{N,r})=$ .$\cdot$. ..$\cdot$ .$\cdot$. .$\cdot$. ... .$\cdot$.
$B_{1}$ $B_{2}$ $B_{3}$ $B_{0}$ 1
$-1$ $-1$ $-1$ $-1$ $0$
. $0\leq k\leq\tau-1$ $k$ ,
$b_{k}^{+}= \prod_{1\leq i<j\leq N}\frac{x_{i}-\omega^{k_{\grave{X}_{j}}}}{x_{i}+\omega^{k}X_{j}},$
${ }$







$\prod_{k=0}^{r-1}b_{k}^{+}$ $=$ $\prod_{1\leq i<j\leq N}(_{k0}^{r-1}\prod_{=}\frac{x_{i}-\omega^{k_{X_{j}}}}{x_{i}+\omega^{k}X_{j}}\mathrm{I}$









Theorem 3.2. strict partition $\lambda=(\lambda_{1}, \ldots, \lambda_{l})$ ,
$P_{\text{ }\lambda}(X_{N,r})=P_{\lambda}(x^{\text{ }}N)$ .
. $N+l$ (




$B_{0}$ $B_{1}$ $B_{2}$ $B_{\text{ }-1}$ $D$
$B_{\text{ }-1}$ $B_{0}$ $B_{1}$ $B_{r-2}$ $D$
$\mathrm{P}\mathrm{f}_{r\lambda}(x_{N,\text{ }})=$ ..$\cdot$ .$\cdot$. .$\cdot$. .$\cdot$. ... .$\cdot$.
$B_{1}$ $B_{2}$ $B_{3}$ $B_{0}$ $D$
$-^{t}D$ $-^{t}D$ $-^{t}D$ $-^{t}D$ $0$
. :
1. $r$ 1 , 2 , . . . , $(r-1)$ .
2. $r$ 1 , 2 , . . . , $(r-1)$ .
3. $r$ 1 , 2 , . . . , $(r-1)$ $1/r$ .
4. $r$ 1 , 2 , . . . , $(r-1)$ $1/r$ .
$B=1/r \sum_{k=}^{\text{ }-1}0^{B_{k}}$ ,
$\mathrm{P}\mathrm{f}_{\text{ }\lambda}(X_{N,\text{ }})$ $=$
$=$ $\mathrm{P}\mathrm{f}(A’)$
( $A’$ $N(r-1)$ ). $B$ ( $i$ ,
$\frac{1}{r}\sum_{k=0}^{r-1}\frac{x_{i}-\omega^{k_{X_{j}}}}{x_{i}+\omega^{k}X_{j}}$ $=$ $\frac{x_{i}^{r}-x_{j}^{r}}{x_{i}^{r}+X_{j}^{r}}$ ,






. Lemma31 $\mathrm{c}_{\text{ }}\{\mathrm{P}\mathrm{f}\emptyset(X_{N}^{r})\}^{\text{ }}$ ,
$\mathrm{P}\mathrm{f}(A’)=C_{\text{ }}\{\mathrm{P}\mathrm{f}_{\emptyset}(x_{N}r)\}r-1$
. ,
$P_{\text{ }\lambda}(x_{N_{\text{ }}},)$ $=$ $\frac{\mathrm{P}\mathrm{f}_{\text{ }\lambda}(X_{N,\text{ }})}{\mathrm{P}\mathrm{f}_{\emptyset}(X_{N,\text{ }})}$








$0$ , if $n-l(\lambda)$ is even,
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